Summary
Introduction
Recent developments on duality symmetries [1] in supersymmetric quantum theories of fields and strings seem to indicate that the known different string theories are different manifestations, in different regions of the coupling constant space, of a unique more fundamental theory that, depending on the regime and on the particular compactification, may itself reveal extra (11 or 12) dimensions [2] , [3] . A basic aspect that allows a comparison of different theories is their number of supersymmetries and their spectrum of massless and massive BPS states. Indeed, to explore a theory in the nonperturbative regime, the power of supersymmetry allows one to compute to a large extent all dynamical details encoded in the low energy effective action of a given formulation of the theory and to study the moduli (coupling constants) dependence of the BPS states. This latter property is important in order to study more dynamical questions such as phase transitions in the moduli space [4] , [5] , [6] , [7] , [8] , [9] or properties of solitonic solutions of cosmological interest, such as extreme black holes [10] and their entropy. A major mathematical tool in these studies is the structure of supergravity theories in diverse dimensions [11] and with different numbers of supersymmetries. These theories have a central extension that gives an apparent violation of the Haag-Lopuszanski-Shonius theorem [12] , since they include "central charges" that are not Lorentz-invariant [13] . However, these charges are important because they are related to p-extended objects (for charges with p antisymmetrized indices) whose dynamics is now believed to be as fundamental as that of points and strings [1] . In fact point-like and string-like BPS states can be obtained by wrapping p (or p − 1) of the dimensions of a p-extended object living in D dimensions when d ≥ p dimensions have been compactified. It is the aim of this paper to give a detailed analysis of central extensions of different supergravities existing in arbitrary dimensions 4 ≤ D < 10 in a unified framework and to study the moduli dependence of the BPS mass per unit of p-volume of generic BPS p-branes existing in a given theory. A basic tool in our investigation will be an exploitation of "duality symmetries" [14] , [15] (rephrased nowadays as U-duality) of the underlying supergravity theory which, for a theory with more than 8 supercharges, takes the form of a discrete subgroup of the continuous isometries of the scalar field sigma model of the theory [16] . Duality symmetries, which rotate electric and magnetic charges, correspond, in a string context, to certain perturbative or nonperturbatives symmetries of the BPS spectrum, playing a crucial role in the study of string dynamics.
The basic focus of our approach is that the central extension of the supersymmetry algebra [12] [17] is encoded in the supergravity transformation rules. The latter can be derived from supersymmetric Bianchi identities, even if the complete lagrangian has not yet been derived. Of course a careful study of these identities also allows a complete determination of the lagrangian, whenever it exists. Among the novelties of this analysis is a new formulation of D = 4, N-extended theories with N > 2, in which a manifest symplectic formulation is used. In particular all these theories have in common a flat symplectic bundle which encodes the differential relations among the symplectic sections and therefore among the central and matter charges. In this respect the N = 2 case, related to Special Geometry [18] , [19] , simply differs from the N > 2 cases by the fact that the base space is not necessarily a coset space. This is related to the physical fact that N = 2 Special Geometry suffers quantum corrections. For higher dimensional theories, relations between central and matter charges for different p-extended objects can be derived in in a way strictly analogous to that presented in this lecture in D = 4 [20] .
The application of this geometrical setting to black-hole physics, in particular to the determination of the black-hole entropy and fixed scalars, see [21] is described in the second part of these lectures.
Extended supergravities and their relations with superstrings, M-theory and F-theory
It is worth while to recall the various compactifications of superstrings in 4 ≤ D < 10 as well as of M-theory and their relation to extended supergravities and their duality symmetries. In the string context the latter symmetries are usually called S, T and U-dualities. S-duality means exchange of small with large coupling constant, i.e. strongweak coupling duality. T-duality indicates the exchange of small with large volume of compactification while U-duality refers to the exchange of NS with RR scalars. The major virtue of space-time supersymmetry is that it links toghether these dualities; often some of them are interchanged in comparing dual theories in the nonperturbative regime. In this lecture we will only consider compactifications on smooth manifolds since the analysis is otherwise more complicated (and richer) due to additional states concentrated at the singular points of the moduli space. The key ingredient to compare different theories in a given space-time dimension is Poincaré duality, which converts a theory with a (p + 2)-form into one with a (D − p − 2)-form (and inverse coupling constant).
For example, at D = 9 Poincaré duality relates 4-and 5-forms, at D = 7 [2] 3-and 4-forms and at D = 5 2-and 3-forms [25] . These relations are closely related to the fact that type IIA and type IIB are T-dual at D = 9 [26] , heterotic on T 3 is dual to M-theory on K3 at D = 7 [2] and heterotic on K3 × S 1 is dual to M-theory on CY 3 at D = 5 [27] , [9] . Let us consider dualities by first comparing theories with maximal supersymmetry (32 supersymmetries ). An example is the duality between M-theory on S 1 at large radius and type IIA in D = 10 at strong coupling. For the sequel we will omit the regime where these theories should be compared. We will just identify their low-energy effective action including BPS states. Further compactifying type IIA on S 1 , it becomes equivalent to IIB on S 1 with inverse radius. This is the T-duality alluded to before. It merely comes by Poincaré duality, exchanging the five form of one theory (IIB) with the 4-form of the other theory (IIA). The interrelation between M-theory and type IIA and type IIB theories at D ≤ 9 explains most of the symmetries of all maximally extended supergravities. At D = 8 we have a maximal theory with U-duality [16] group Sl(3, Z Z) × Sl(2, Z Z). The Sl(3, Z Z) has a natural interpretation from an M-theory point of view, since the D = 8 theory is M-theory on T 3 . On the other hand, the additional Sl(2, Z Z) which acts on the 4-form and its dual has a natural interpretation from the type IIB theory on T 2 , in which the Sl(2, Z Z) is related to the complex structure of the 2-torus [28] . At D = 7 the Sl(5, Z Z) U-duality has no obvious interpretation unless we move to an F-theory setting [28] This is also the case for D = 6, 5, 4, where the U-duality groups are O(5, 5; Z Z), E 6,6 (Z Z) and E 7,7 (Z Z) respectively. However, they share the property that the related continuous group has, as maximal compact subgroup, the automorphism group of the supersymmetry algebra, i.e. Sp(4), Sp(4) × Sp(4), Usp(8) and SU(8) respectively for D = 7, 6, 5 and 4. The U-duality group for any D corresponds to the series of E 11−D Lie algebras whose quotient with the above automorphism group of the supersymmetry algebra provides the local description of the scalar fields moduli space [29] . Recently, a novel way to unravel the structure of the U-duality groups in terms of solvable Lie algebras has been proposed in [30] . Moving to theories with lower (16) supersymmetries, we start to have dualities among heterotic, M-theory and type II theories on manifolds preserving 16 supersymmetries. For D = 7, heterotic theory on T 3 is "dual" to M-theory on K3 in the same sense that M-theory is "dual" to type IIA at D = 10. Here the coset space (19) identifies the dilaton and Narain lattice of the heterotic string with the classical moduli space of K3, the dilaton in one theory being related to the volume of K3 of the other theory [2] . The heterotic string on T 4 is dual to type IIA on K3. Here the coset space O(1, 1) × O (4, 20) O(4)×O (20) identifies the Narain lattice with the "quantum" moduli space of K3 (including torsion). The O(1, 1) factor again relates the dilaton to the K3 volume. A similar situation occurs for the theories at D = 5. At D = 4 a new phenomenon occurs since the classical moduli space (22) interchanges S-duality of heterotic string with T-duality of type IIA theory and U-duality of type IIB theory [31] . If we compare theories with 8 supersymmetries, we may at most start with D = 6. On the heterotic side this would correspond to K3 compactification. However at D = 6 no M-theory or type II correspondence is possible because we have no smooth manifolds of dimension 5 or 4 which reduce the original supersymmetry (32) by one quarter. The least we can do is to compare theories at D = 5, where heterotic theory on K3 × S 1 can be compared [27] and in fact is dual, to M-theory on a CalabiYau threefold which is a K3 fibration [32] . Finally, at D = 4 the heterotic string on K3 × T 2 is dual to type IIA (or IIB) on a Calabi-Yau threefold (or its mirror) [33] , [34] , [35] . It is worth noticing that these "dualities" predict new BPS states as well as they identify perturbative BPS states of one theory with non-perturbative ones in the dual theory. A more striking correspondence is possible if we further assume the existence of 12 dimensional F-theory such that its compactification on T 2 gives type IIB at D = 10 [3] . In this case we can relate the heterotic string on T 2 at D = 8 to F-theory on K3 and the heterotic string at D = 6 on K3 with F-theory on a Calabi-Yau threefold [8] , [36] . To make these comparisons one has to further assume that the smooth manifolds of F-theory are elliptically fibered [8] . An even larger correspondence arises if we also include type I strings [37] and D-branes [38] in the game. However we will not further comment on the other correspondences relating all string theories with M and F theory.
3 Duality symmetries and central charges in diverse dimensions
The general framework
In this section we study the general group theoretical framework for the construction of the graviphotons and matter vectors appearing in the transformation laws of the fermion fields, the central and matter charges and the relations among them in any dimensions. After these preliminaries, we concentrate on the four dimensional theories, giving the details of the construction in this case. The details for the higher dimensional cases can be found in [20] . All supergravity theories contain scalar fields whose kinetic Lagrangian is described by σ-models of the form G/H, with the exception of D = 4, N = 1, 2 and D = 5, N = 2. Here G is a non compact group acting as an isometry group on the scalar manifold while H, the isotropy subgroup, is of the form:
H Aut being the automorphism group of the supersymmetry algebra while H matter is related to the matter multiplets. (Of course H matter = 1 1 in all cases where supersymmetric matter doesn't exist, namely N > 4 in D = 4, 5 and in general in all maximally extended supergravities). The coset manifolds G/H and the automorphism groups for various supergravity theories for any D and N can be found in the literature (see for instance [11] , [39] ). As it is well known, the group G acts linearly on the (n = p+2)-forms field strengths H Λ a 1 ···an corresponding to the various (p + 1)-forms appearing in the gravitational and matter multiplets. Here and in the following the index Λ runs over the dimensions of some representation of the duality group G. The true duality symmetry (U-duality), acting on integral quantized electric and magnetics charges, is the restriction of the continuous group G to the integers [16] . The moduli space of these theories is G(Z Z)\G/H.
All the properties of the given supergravity theories for fixed D and N are completely fixed in terms of the geometry of G/H, namely in terms of the coset representatives L satisfying the relation:
where g ∈ G, h ∈ H and φ ′ = φ ′ (φ), φ being the coordinates of G/H. Note that the scalar fields in G/H can be assigned, in the linearized theory, to linear representations R H of the local isotropy group H so that dim R H = dim G − dim H (in the full theory, R H is the representation which the vielbein of G/H belongs to).
As explained in the following, the kinetic metric for the (p + 2)-forms H Λ is fixed in terms of L and the physical field strengths of the interacting theories are "dressed" with scalar fields in terms of the coset representatives. This allows us to write down the central charges associated to the (p + 1)-forms in the gravitational multiplet in a neat way in terms of the geometrical structure of the moduli space. In an analogous way also the matter (p + 1)-forms of the matter multiplets give rise to charges which, as we will see, are closely related to the central charges. Note that when p > 1 the central charges do not appear in the usual supersymmetry algebra, but in the extended version of it containing central generators Z a 1 ···ap associated to p-dimensional extended objects (a 1 · · · a p are a set of space-time antisymmetric Lorentz indices) [40, 41, 13, 42, 43] Our main goal is to write down the explicit form of the dressed charges and to find relations among them analogous to those worked out in D = 4, N = 2 by means of the Special Geometry relations [44] [33] .
To any (p + 2)-form H Λ we may associate a magnetic charge ((D − p − 4)-brane) and an electric (p-brane) charge given respectively by:
where G Λ = ∂L ∂H Λ . These charges however are not the physical charges of the interacting theory; the latter ones can be computed by looking at the transformation laws of the fermion fields, where the physical field-strengths appear dressed with the scalar fields [61] , [20] . Let us first introduce the central charges: they are associated to the dressed (p + 2)-forms T i AB appearing in the supersymmetry transformation law of the gravitino 1-form. Quite generally we have, for any D and N:
where:
Here D is the covariant derivative in terms of the space-time spin connection and the composite connection of the automorphism group H Aut , c i are coefficients fixed by supersymmetry, V a is the space-time vielbein, A = 1, · · · , N is the index acted on by the automorphism group, Γ a 1 ···an are γ-matrices in the appropriate dimensions, and the sum runs over all the (p + 2)-forms appearing in the gravitational multiplet. Here and in the following the dots denote trilinear fermion terms. Each n-form field-strength T i AB is constructed by dressing the bare field-strengths H Λ with the coset representative L(φ) of G/H, φ denoting a set of coordinates of G/H. In particular, for any p, except for D/2 = p + 2, we have:
where we have used the following decomposition of L:
Here L In all these cases (D/2 = p + 2) the kinetic matrix of the (p + 2)-forms H Λ is given in terms of the coset representatives as follows:
with the indices of H Aut raised and lowered with the appropriate metric of H Aut in the given representation. For maximally extended supergravities N ΛΣ = L ABΛ L AB Σ . Note that both for matter coupled and maximally extended supergravities we have: 
where η = 1 1 m×m 0 0 −1 1 n×n is the O(m, n) invariant metric and A = 1, · · · , m; I = 1, · · · , n (In particular, setting the matter to zero, we have in these cases N ΛΣ = η ΛΣ ).
In these cases we have:
(γ r ) AB being the γ-matrices intertwining between orthogonal and USp(N) indices. When D is even and D/2 = p+2 the previous formulae in general require modifications, since in that case we have the complication that the action of G on the p + 2 = D/2-forms (D even) is realized through the embedding of G in Sp(2n, IR) (p even) or O(n, n) (p odd) groups [45] , [46] . This happens for D = 4, N > 1, D = 6 , N = (2, 2) and the maximally extended D = 6 and D = 8 supergravities. 3 The necessary modifications for the embedding are worked out in section 3.2.
Coming back to the case D/2 = p + 2, it is now straightforward to compute the central charges.
Indeed, the magnetic central charges for BPS saturated (D − p − 4)-branes can be now defined (modulo numerical factors to be fixed in each theory) by integration of the dressed field strengths as follows:
where φ 0 denote the v.e.v. of the scalar fields, namely φ 0 = φ(∞) in a given background. The corresponding electric central charges are:
These formulae make it explicit that L Λ AB and L ΛAB are related by electric-magnetic duality via the kinetic matrix.
Note that the same field strengths T i AB which appear in the gravitino transformation laws are also present in the dilatino transformation laws in the following way:
In an analogous way, when vector multiplets are present, the matter vector field strengths are dressed with the columns L ΛI of the coset element (3.7) and they appear in the transformation laws of the gaugino fields:
where P 
while the electric matter charges are:
The important fact to note is that the central charges and matter charges satisfy relations and sum rules analogous to those derived in D = 4, N = 2 using Special Geometry techniques which we review in the following [44] . They are inherited from the properties of the coset manifolds G/H, namely from the differential and algebraic properties satisfied by the coset representatives L Λ Σ . Indeed, for a general coset manifold we may introduce the left-invariant 1-form Ω = L −1 dL satisfying the relation (see for instance [39] 
where
T i , T α being the generators of G belonging respectively to the Lie subalgebra IH and to the coset space algebra IK in the Cartan decomposition
G being the Lie algebra of G. Here ω i is the IH connection and P α , in the representation R H of H, is the vielbein of G/H. Since in all the cases we will consider G/H is a symmetric
being the structure constants of G) can be identified with the Riemannian spin connection of G/H.
Suppose now we have a matter coupled theory. Then, using the decomposition (3.21), from (3.19) and (3.20) we get:
where P I AB is the vielbein on G/H and ω CD AB is the IH-connection in the given representation. It follows:
where the derivative is covariant with respect to the IH-connection ω CD AB . Using the definition of the magnetic dressed charges given in (3.13) we obtain:
This is a prototype of the formulae one can derive in the various cases for matter coupled supergravities [20] . To illustrate one possible application of this kind of formulae let us suppose that in a given background preserving some number of supersymmetries Z I = 0 as a consequence of δλ I A = 0. Then we find:
that is the square of the central charge reaches an extremum with respect to the v.e.v. of the moduli fields. Backgrounds with such fixed scalars describe the horizon geometry of extremal black holes and behave as attractor points for the scalar fields evolution in the black hole geometry [22] , [23] , [24] . For the maximally extended supergravities there are no matter field-strengths and the previous differential relations become differential relations among central charges only.
As an example, let us consider D = 5, N = 8 theory. In this case the Maurer-Cartan equations become:
where the coset representative is taken in the 27 × 27 fundamental representation of E 6 , Ω
, AB is a couple of antisymmetric symplectic-traceless USp(8) indices, Q A B is the USp(8) connection and the vielbein P CDAB is antisymmetric, C AB -traceless and pseudo-real. Note that (L Λ CD ) * = L ΛCD . Therefore we get:
that is:
This relation implies that the vanishing of a subset of central charges forces the vanishing of the covariant derivatives of some other subset. Typically, this happens in some supersymmetry preserving backgrounds where the requirement δχ ABC = 0 corresponds to the vanishing of just a subset of central charges. Finally, from the coset representatives relations (3.8) (3.10) it is immediate to obtain sum rules for the central and matter charges which are the counterpart of those found in N = 2, D = 4 case using Special Geometry [44] . Indeed, let us suppose e.g. that the group
, as it happens in general for all the minimally extended supergravities in 7 ≤ D ≤ 9, D = 6 type IIA and D = 5, N = 2. The coset representative is now a tensor product L → e σ L, where e σ parametrizes the O(1, 1) factor. We have, from (3.10)
where η is the invariant metric of O(10 − D, n) and from (3.8)
Using the decomposition (3.21) one finds:
In more general cases analogous relations of the same kind can be derived [20] .
The embedding procedure in D = 4
In this subsection we work out the modifications to the formalism developed in the previous subsection in the case D/2 = p + 2, which derive from the embedding procedure [45] of the group G in Sp(2n, IR) (p even) or in O(n, n) (p odd). We concentrate on D = 4, while for D = 6, 8 we refer to ref. [20] . Furthermore we show that the flat symplectic bundle formalism of the D = 4, N = 2 Special Geometry case [18] , [19] can be extended to N > 2 theories. The N = 2 case differs from the other higher N extensions by the fact that the base space of the flat symplectic bundle is not in general a coset manifold.
Let us analyze the structure of the four dimensional theories. In D = 4, N > 2 we may decompose the vector field-strengths in self-dual and anti self-dual parts:
According to the Gaillard-Zumino construction, G acts on the vector (F −Λ , G − Λ ) (or its complex conjugate) as a subgroup of Sp(2n v , IR) (n v is the number of vector fields) with duality transformations interchanging electric and magnetic field-strengths:
where: (3.36) and N ΛΣ , is the symmetric matrix appearing in the kinetic part of the vector Lagrangian:
If L(φ) is the coset representative of G in some representation, S represents the embedded coset representative belonging to Sp(2n v , IR) and in each theory, A, B, C, D can be constructed in terms of L(φ). Using a complex basis in the vector space of Sp(2n v ), we may rewrite the symplectic matrix as an Usp(n v , n v ) element:
The requirement U ∈ Usp(n v , n v ) implies:
The n v × n v subblocks of U are submatrices f, h which can be decomposed with respect to the isotropy group H Aut × H matter in the same way as L in equation (3.7), namely:
where AB are indices in the antisymmetric representation of H Aut = SU(N) × U(1) and I is an index of the fundamental representation of H matter . Upper SU(N) indices label objects in the complex conjugate representation of SU(N): (f
as symplectic sections of a Sp(2n v , IR) bundle over G/H. We will see in the following that this bundle is actually flat. The real embedding given by S is appropriate for duality transformations of F ± and their duals G ± , according to equations (3.36), (3.35) , while the complex embedding in the matrix U is appropriate in writing down the fermion transformation laws and supercovariant field-strengths. The kinetic matrix N , according to Gaillard-Zumino [45] , turns out to be:
and transforms projectively under Sp(2n v , IR) duality rotations:
By using (3.40)and (3.42) we find that
which is the analogous of equation (3.9) , that is
It follows that the dressing factor (
which was given by the inverse coset representative in the defining representation of G has to be replaced by the analogous inverse representative (f ΛAB , f ΛI ) when, as in the present D = 4 case, we have to embed G in Sp(2n, IR). As a consequence, in the transformation law of gravitino (3.4), dilatino (3.15) and gaugino (3.16) we perform the following replacement:
In particular, the dressed graviphotons and matter self-dual field-strengths take the symplectic invariant form: 
as a consequence of eqs. (3.42), (3.35). Therefore we have:
and the sections (f Λ , h Λ ) on the right hand side now depend on the v.e.v.'s of the scalar fields φ i . We see that the central and matter charges are given in this case by symplectic invariants and that the presence of dyons in D = 4 is related to the symplectic embedding. In the case D/2 = p+2, D even, or D odd, we were able to derive the differential relations (3.24), (3.28) among the central and matter charges using the Maurer-Cartan equations (3.23), (3.27) . The same can be done in the present case using the embedded coset representative U. Indeed, let Γ = U −1 dU be the Usp(n v , n v ) Lie algebra left invariant one form satisfying:
In terms of (f, h) Γ has the following form:
where the n v × n v subblocks Ω (H) and P embed the H connection and the vielbein of G/H respectively . This identification folllows from the Cartan decomposition of the Usp(n v , n v ) Lie algebra. Explicitly, if we define the H Aut × H matter -covariant derivative of a vector V = (V AB , V I ) as:
we have:
where we have used:
and the fundamental identity (3.40). Furthermore, using the same relations, the embedded vielbein P can be written as follows:
From (3.38) and (3.55), we obtain the (n v × n v ) matrix equation:
together with their complex conjugates. Using further the definition (3.41) we have:
where we have decomposed the embedded vielbein P as follows:
the subblocks being related to the vielbein of 
Obviously, the same differential relations that we wrote for f hold true for the dual matrix h as well.
Using the definition of the charges (3.51), (3.52) we then get the following differential relations among charges:
Depending on the coset manifold, some of the subblocks of (3.62) can be actually zero.
[47] is P IAB (AB antisymmetric), I = 1, · · · , n; A, B = 1, 2, 3 and it turns out that P ABCD = P IJ = 0.
In
[48], and we have P ABCD = ǫ ABCD P , P IJ = P δ IJ , where P is the Kählerian vielbein of
,
(A, · · · , D SU(4) indices and I, J O(n) indices)
and P IAB is the vielbein of
For N > 4 (no matter indices) we have that P coincides with the vielbein P ABCD of the relevant G/H.
For the purpose of comparison of the previous formalism with the N = 2 Special Geometry case, it is interesting to note that, if the connection Ω (H) and the vielbein P are regarded as data of G/H, then the Maurer-Cartan equations (3.61) can be interpreted as an integrable system of differential equations for a section V = (V AB , V I , V AB , V I ) of the symplectic fiber bundle constructed over G/H. Namely the integrable system:
has 2n solutions given by
The integrability condition (3.54) means that Γ is a flat connection of the symplectic bundle. In terms of the geometry of G/H this in turn implies that the IH-curvature, and hence the Riemannian curvature, is constant, being proportional to the wedge product of two vielbein.
Besides the differential relations (3.63), the charges also satisfy sum rules quite analogous to those found in [44] for the N = 2 Special Geometry case.
The sum rule has the following form:
where M(N ) and P are:
In order to obtain this result we just need to observe that from the fundamental identities (3.76) and from the definition of the kinetic matrix given in (3.105) it follows:
We note that the matrix M is a symplectic tensor and in this sense it is quite analogous to the matrix N ΛΣ of the odd dimensional cases defined in equation (3.8) . Indeed, one sees that the matrix M can be written as the symplectic analogous of (3.8):
The formalism we have developed so far for the D = 4, N > 2 theories is completely determined by the embedding of the coset representative of G/H in Sp(2n, IR) and by the Usp(n, n) embedded Maurer-Cartan equations (3.61). We want now to show that this formalism, and in particular the identities (3.40), the differential relations among charges (3.63) and the sum rules (3.65), are completely analogous to the Special Geometry relations of N = 2 matter coupled supergravity [49] , [18] . This follows essentially from the fact that, though that the scalar manifold M N =2 of the N = 2 theory is not in general a coset manifold, nevertheless it has a symplectic structure identical to the N > 2 theories. Furthermore we will show that the analogous of the Maurer-Cartan equations of N > 2 theories are given in the N = 2 case by the Picard-Fuchs equations [19] for the symplectic sections which enter in the definition of the Special Geometry flat symplectic bundle.
Indeed, let us recall that Special Geometry can be defined in terms of the holomorphic flat vector bundle of rank 2n with structure group Sp(2n, IR) over a Kähler-Hodge manifold [18] .
If we introduce the Special Geometry symplectic and covariantly holomorphic section:
and its covariant derivative with respect to the Kähler connection:
then, defining the n × n matrices:
the set of algebraic relations of Special Geometry can be written in matrix form as:
Recalling equations (3.40) we see that the previous relations imply that the matrix U:
belongs to Usp(n, n). In fact if we set
and flatten the indices of (f i , f ı ) (or (h i , h ı )) with the Kählerian vielbein P
where η IJ is the flat Kählerian metric and P Let us now consider the analogous of the embedded Maurer-Cartan equations of G/H. Defining as before the matrix one-form Γ = U −1 dU valued in the Usp(n, n) Lie algebra, we see that the relation dΓ + Γ ∧ Γ = 0 again implies a flat connection for the symplectic bundle over the Kähler-Hodge manifold. However, this does not imply anymore that the base manifold is a coset or a constant curvature manifold. Indeed, let us introduce the covariant derivative of the symplectic section (f Λ , f
) with respect to the U(1)-Kähler connection Q and the spin connection ω IJ of M N =2 :
where: For the embedded vielbein P we obtain:
where P I is the (0, 1)-form Kählerian vielbein while P
is a oneform which in general cannot be expressed in terms of the vielbein P I and therefore represents a new geometrical quantity on M N =2 . Note that we get zero in the first entry of equation (3.82) by virtue of the fact that the identity (3.76) implies f
and that f Λ is covariantly holomorphic. If Ω and P are considered as data on M N =2 then we may interpret Γ = U −1 dU as an integrable system of differential equations, namely:
where the flat Kähler indices I, I, · · · are raised and lowered with the flat Kähler metric η IJ . As it is well known, this integrable system describes the Picard-Fuchs equations for the periods (V, V I , V , V I ) of the Calabi-Yau threefold with solution given by the 2n symplectic vectors V ≡ (f Λ , h Λ ). The integrability condition dΓ + Γ ∧ Γ = 0 gives three constraints on the Kähler base manifold:
Equation (3.84) implies that M N =2 is a Kähler-Hodge manifold. Equation (3.85), written with holomorphic and antiholomorphic curved indices, gives:
which is the usual constraint on the Riemann tensor of the special geometry. Note that by consistency of the left and right sides of (3.85), the one-form P ık must be a (0, 1)-form, namely P ık = P ıkl dz l . The further Special Geometry constraints on the three tensor P ijk are then consequences of equation (3.86), which implies:
In particular, the first of equations (3.88) also implies that P ijk is a completely symmetric tensor. In summary, we have seen that the N = 2 theory and the higher N theories have essentially the same symplectic structure, the only difference being that since the scalar manifold of N = 2 is not in general a coset manifold the symplectic structure allows the presence of a new geometrical quantity which physically corresponds to the anomalous magnetic moments of the N = 2 theory. It goes without saying that, when M N =2 is itself a coset manifold [50] , then the anomalous magnetic moments P ijk must be expressible in terms of the vielbein of G/H. We give here two examples.
•
. The symplectic sections entering the matrix U can be written as follows:
). In particular from the pseudoorthogonality of O(2, n) we have:
Furthermore we have parametrized
as follows:
We can then compute the embedded connection and vielbein using (3.55) . In particular we find:
We see that the general P IJ matrix in this case can be expressed in terms of the vielbein of G/H and one finds that the only non vanishing anomalous magnetic moments are:
• As a second example we consider the special coset manifold
.
Note that this manifold also appears as the scalar manifold of the D = 4, N = 6 theory, and we refer the reader to section 4 for notations and parametrization of G/H.
The integrable system in this case can be written as follows:
where P ABCD is the Kählerian vielbein (1, 0)-form (P ABCD = (P ABCD ) * is a (0, 1)-form) and:
Moreover, f AB transforms in the 15 of SU(6), f is an SU(6) singlet and f AB = (f AB ) * . It follows:
Hence:
If we set:
where the curved indices k, l are raised and lowered with the Kähler metric, one easily obtains:
Therefore the anomalous magnetic moment is given, in terms of the vielbein, as:
The other two equations of the integral system give:
which are the remaining equations defining N = 2 Special Geometry.
To complete the analogy between the N = 2 theory and the higher N theories in D = 4, we also give for completeness, in the N = 2 case, the central and matter charges, the differential relations among them and the sum rules. (Note that in D = 4 N = 2 we also have supersymmetric matter given by hypermultiplets whose scalar manifold is quaternionic. Since we are concerned mainly with central and matter charges we will not consider the coupling of the hypermultiplets here). Let us note that also in N = 2 the kinetic matrix N ΛΣ which appears in the vector kinetic Lagrangian 4 :
is given in terms of f, h by the formula:
The columns of the matrix f appear in the supercovariant electric field strength F Λ :
(The columns of h Λ I would appear in the dual theory written in terms of the dual magnetic field strengths) .
The transformation laws for the chiral gravitino ψ A and gaugino λ iA fields are:
are respectively the graviphoton and the matter-vectors z i (i = 1, · · · , n) are the complex scalar fields and the position of the SU(2) automorphism index A (A,B=1,2) is related to chirality (namely (ψ A , λ iA ) are chiral, (ψ A , λ ı A ) antichiral). In principle only the (anti) self dual part of F and G should appear in the transformation laws of the (anti)chiral fermi fields; however, exactly as in eqs. (3.49), (3.50) for N > 2 theories, from equations (3.104), (3.105) it follows that :
so that T = T − (and T = T + ). Note that both the graviphoton and the matter vectors are Usp(n, n) invariant according to the fact that the fermions do not transform under the duality group (except for a possible R-symmetry phase). To define the physical charges let us note that in presence of electric and magnetic sources we can write:
The central charges and the matter charges are now defined as the integrals over a S 2 of the physical graviphoton and matter vectors:
where z i , z ı denote the v.e.v. of the moduli fields in a given background. Owing to eq (3.74) we get immediately:
We observe that if in a given background Z i = 0 the BPS states in this configuration have a minimum mass. Indeed
As a consequence of the symplectic structure, one can derive two sum rules for Z and Z i :
and: P = g Λ , e Λ (3.119) Equation (3.117) is obtained by using exactly the same procedure as in (3.66) . The sum rule (3.118) involves a matrix M − , which has exactly the same form as M + provided we perform the substitution
. It can be derived in an analogous way by observing that, when a prepotential F = F (X) exists, Special Geometry gives the following extra identity:
from which it follows:
Note that while ImN has a definite (negative) signature, ImF is not positive definite.
N > 2 four dimensional supergravities revisited
In this section and in the following ones we apply the general considerations of section 3 to the various ungauged supergravity theories with scalar manifold G/H for any D and N. This excludes D = 4 N = 2, already discussed in section 3.2, and D = 5 N = 2 for which we refer to the literature. Our aim is to write down the group theoretical structure of each theory, their symplectic or orthogonal embedding, the vector kinetic matrix, the supersymmetric transformation laws, the structure of the central and matter charges, the differential relations originating from the Maurer-Cartan equations and the sum rules they satisfy. For each theory we give the group-theoretical assignments for the fields, their supersymmetry transformation laws, the (p+2)-forms kinetic metrics and the relations satisfied by central and matter charges. As far as the boson transformation rules are concerned we prefer to write down the supercovariant definition of the field strengths (denoted by a superscript hat), from which the susy-laws are immediately retrieved. As it has been mentioned in section 3 it is here that the symplectic section (f
) appear as coefficients of the bilinear fermions in the supercovariant field-strengths while the analogous symplectic section (h ΛAB , h ΛI , h ΛAB , h ΛI ) would appear in the dual magnetic theory. We include in the supercovariant field-strengths also the supercovariant vielbein of the G/H manifolds. Again this is equivalent to giving the susy transformation laws of the scalar fields. The dressed field strengths from which the central and matter charges are constructed appear instead in the susy transformation laws of the fermions for which we give the expression up to trilinear fermion terms. It should be stressed that the numerical coefficients in the aforementioned susy transformations and supercovariant field strengths are fixed by supersymmetry (or ,equivalently, by Bianchi identities in superspace ), but we have not worked out the relevant computations being interested in the general structure rather that in the precise numerical expressions. However the numerical factors could also be retrieved by comparing our formulae with those written in the standard literature on supergravity and performing the necessary redefinitions. The same kind of considerations apply to the central and matter charges whose precise normalization has not been fixed. In the Tables of the present and of the following sections, we give the group assignements for the supergravity fields; in particular, we quote the representation R H under which the scalar fields of the linearized theory (or the vielbein of G/H of the full theory) transform. Furthermore, in general only the left-handed fermions (when they exist) are quoted. • Let us first consider the N = 3 case [47] . The coset space is:
and the field content is given by:
The transformation properties of the fields are given in the following Table 1 5 The Table 1 : Transformation properties of fields in D = 4, N = 3
embedding of SU(3, n) in Usp(3 + n, 3 + n) allows to express the section (f, h) in terms of L as follows::
where AB are antisymmetric SU(3) indices, I is an index of SU(n) ⊗ U(1) and L Λ I denotes the complex conjugate of the coset representative. Using eq.s (4.5) and (4.6) we have:
We recall that R H denotes the representation which the vielbein of the scalar manifold belongs to.
The supercovariant field-strengths and the supercovariant scalar vielbein
z i being the (complex) coordinates of G/H and H = H Aut = SU(3) × U(1) . The chiral fermions transformation laws are given by:
where T AB and T I have the general form given in equation (3.48) . Therefore, the general form of the dyonic charges (Z AB , Z I ) are given by eqns. (3.51)-(3.53).
From the general form of the Maurer-Cartan equations for the embedded coset representatives U ∈ Usp(n, n), we find:
According to the discussion given in section 3, using (3.51), (3.52) one finds:
and the sum rule:
where the matrix M(N ) has the same form as in equation (3.66) in terms of the kinetic matrix N of eq.(4.7) and P is the charge vector P t = (g, e).
• For N = 4 [48] , the coset space is a product:
The field content is given by: Gravitational multiplet:
Vector multiplets: (A µ , λ A , 6φ)
The coset representative can be written as:
where L Λ Σ parametrizes the coset manifold
The group assignments of the fields are given in Table 2 . With the given coset Table 2 : 
where K = − log[i(S − S)] is the Kähler potential of
, and the kinetic matrix N = hf −1 takes the form:
The supercovariant field strengths and the vielbein of the coset manifold are:
(4.28)
where P = P ,S dS and P I AB = P I AB,i dφ i are the vielbein of
and
respectively. The fermion transformation laws are:
where the 2-forms T AB and T I are defined in eq.(3.48) By integration of these twoforms, using eq.(3.50)-(3.53) we find the central and matter dyonic charges given in eq.s (3.51), (3.52) . From the Maurer-Cartan equations for f, h and the definitions of the charges one easily finds:
In terms of the kinetic matrix (4.27) the sum rule for the charges is given by eqs.(3.65)-(3.67):
For N > 4 the only available supermultiplet is the gravitational one, so that H matter = 1 1. The embedding procedure is much simpler than in the matter coupled supergravities since for each N > 4 there exists a representation of the scalar manifold isometry group G given in terms of Usp(n v , n v ) matrices.
• For the N = 5 theory [51] the coset manifold is:
The field content and the group assignments are displayed in table 3. Here x, y, · · · = Table 3 : Transformation properties of fields in D = 4, N = 5 5) into the Gaillard-Zumino group Usp(10, 10) is given in terms of the three-times antisymmetric representation of SU(1, 5), a generic element t xyz satisfying:
We may decompose t xyz as follows:
In the following we write t ΛΣ6 ≡ t ΛΣ . The 20 dimensional vector (F ∓ΛΣ , G ∓ ΛΣ ) transforms under Sp(20, IR), while, for fixed AB, each of the 20-dimensional vectors (f ΛΣ AB , h ΛΣAB ) of the embedding matrix:
transforms under Usp(10, 10).
The supercovariant field-strengths and vielbein are:
where P ABCD = ǫ ABCDF P F is the complex vielbein, completely antisymmetric in SU(5) indices and (P ABCD ) ⋆ = P ABCD .
The fermion transformation laws are:
AB ∆Π (4.48)
With a by now familiar procedure one finds the following (complex) central charges:
From the Maurer-Cartan equation
and the analogous one for h we find:
Finally, the sum rule for the central charges is:
where the matrix M(N ) has exactly the same form as in eq (3.66).
• The scalar manifold of the N = 6 theory has the coset structure:
We recall that SO ⋆ (2n) is defined as the subgroup of O(2n,C) that preserves the sesquilinear antisymmetric metric:
The field content and transformation properties are given in Table 4 , where A, B, C = Table 4 : Transformation properties of fields in D = 4, N = 6
1, · · · , 6 are SU(6) indices in the fundamental representation and Λ = 1, · · · , 16. As it happens in the N = 5 theory, the 32 spinor representation of SO ⋆ (12) can be given in terms of a Usp(16, 16) matrix, which we denote by S α r (α, r = 1, · · · , 32), so that the embedding is automatically realized in terms of the spinor representation. Employing the usual notation we may set:
where Λ, I = 1, · · · , 16. With respect to SU(6),the sixteen symplectic vectors (f Λ I , h ΛI ), (I = 1, · · · , 16) are reducible into the antisymmetric 15-dimensional representation plus a singlet of SU (6):
It is precisely the existence of a SU(6) singlet which allows for the Special Geometry structure of
as discussed in section 3.2 Note that the coset element S α r has no definite U(1) weight since the submatrices f Λ AB , f Λ have the weights 1 and -3 respectively. The supercovariant field-strenghts and the coset manifold vielbein have the following expression:
where P ABCD = P ABCD,i dz i is the Kähler vielbein of the coset. The fermion transformation laws are:
With the usual procedure we have the following complex dyonic central charges:
in the 15 and singlet representation of SU(6) respectively. Notice that although we have 16 graviphotons, only 15 central charges are present in the supersymmetry algebra. The singlet charge plays a role analogous to a "matter" charge. From the Maurer-Cartan equations:
and the relation (3.42) one finds:
and the sum-rule (3.65):
with the usual meaning for M(N ) (see eq.(3.66)). • In the N = 8 case [52] the coset manifold is:
The field content and group assignments are given in the following Table 5 :
As in N = 5, 6, the embedding is automatically realized in terms of the 56 defining representation for E 7 which belongs to Usp (28, 28) and it is given by the usual coset element (3.38) where 
(4.78)
The fermion transformation laws are given by:
AB Γ∆ (4.82)
With the usual manipulations we obtain the central charges:
the differential relations:
5 Application of the previous formalism to extremal black-holes in four dimensions
Recently, considerable progress has been made in the study of general properties of black holes arising in supersymmetric theories of gravity such as extended supergravities, string theory and M-theory [53] . Of particular interest are extremal black holes in four dimensions which correspond to BPS saturated states [54] and whose ADM mass depends, beyond the quantized values of electric and magnetic charges, on the asymptotic value of scalars at infinity. The latter describe the moduli space of the theory. Another physical relevant quantity, which depends only on quantized electric and magnetic charges, is the black hole entropy, which can be defined macroscopically, through the BekensteinHawking area-entropy relation or microscopically, through D-branes techniques [55] by counting of microstates [56] . It has been further realized that the scalar fields, independently of their values at infinity, flow towards the black hole horizon to a fixed value of pure topological nature given by a certain ratio of electric and magnetic charges [22] . These "fixed scalars" correspond to the extrema of the ADM mass in moduli space while the black-hole entropy is the actual value of the squared ADM mass at this point [23] .
In theories with N > 2, extremal black-holes preserving one supersymmetry have the further property that all central charge eigenvalues other than the one equal to the BPS mass flow to zero for "fixed scalars". The black-hole entropy is still given by the square of the ADM mass for "fixed scalars" [24] . Recently [57] , the nature of these extrema has been further studied and shown that they generically correspond to non degenerate minima for N = 2 theories whose relevant moduli space is the special geometry of N = 2 vector multiplets. The entropy formula turns out to be in all cases a U-duality invariant expression (homogeneous of degree two) built out of electric and magnetic charges and as such can be in fact also computed through certain (moduli-independent) topological quantities which only depend on the nature of the U-duality groups and the appropriate representations of electric and magnetic charges. For example, in the N = 8 theory the entropy was shown to correspond to the unique quartic E 7 invariant built with its 56 dimensional representation [58] .
Central charges, U-invariants and entropy
In D = 4, extremal black-holes preserving one supersymmetry correspond to N-extended multiplets with
, are the proper values of the central charge antisymmetric matrix written in normal form [59] . The central charges Z AB = −Z BA , A, B = 1, · · · , N, and matter charges Z I , I = 1, · · · , n are those (moduli-dependent) symplectic invariant combinations of field strenghts and their duals (integrated over a large two-sphere) which appear in the gravitino and gaugino supersymmetry variations respectively [60] , [61] , [20] . Note that the total number of vector fields is n v = N(N − 1)/2 + n (with the exception of N = 6 in which case there is an extra singlet graviphoton) [29] . It was shown in ref. [24] that at the attractor point, where M ADM is extremized, supersymmetry requires that Z α , α > 1, vanish together with the matter charges Z I , I = 1, · · · , n (n is the number of matter multiplets, which can exist only for N = 3, 4) This result can be used to show that for "fixed scalars", corresponding to the attractor point, the scalar "potential" of the geodesic action [62] [57]
is extremized in moduli space. Here, we recall that P is the symplectic vector P = (p Λ , q Λ ) of quantized electric and magnetic charges introduced in eqn. (3.67) and M(N ) is the 2n v × 2n v symplectic matrix given in eqn. (3.66) .
The above assertion is the result of computing the extremum of (6.88) by use of equations (3.63), (3.65) . We obtain:
P ABCD being the vielbein of the scalar manifold, completely antisymmetric in its SU(N) indices. It is easy to see that in the normal frame these equations imply:
The main purpose of this section is to provide particular expressions which give the entropy formula as a moduli-independent quantity in the entire moduli space and not just at the critical points. Namely, we are looking for quantities S Z AB (φ),
such that ∂ ∂φ i S = 0, φ i being the moduli coordinates. These formulae generalize the quartic E 7(−7) invariant of N = 8 supergravity [58] to all other cases.
Let us first consider the theories N = 3, 4, where matter can be present [47] , [63] . The U-duality groups are, in these cases, SU(3, n) and SU(1, 1)×SO(6, n) respectively (Here we denote by U-duality group the isometry group G acting on the scalars, although only a restriction of it to integers is the proper U-duality group [16] ). The central and matter charges Z AB , Z I transform in an obvious way under the isotropy groups
Under the action of the elements of G/H the charges get mixed with their complex conjugate. For N = 3:
Then the variations are:
where ξ A I are infinitesimal parameters of K = G/H. Indeed, once the covariant derivatives are known, the variations are obtained by the substitution ∇ → δ, P → ξ.
With a simple calculation, the U-invariant expression is:
In other words, ∇ i S = ∂ i S = 0, where the covariant derivative is defined in ref. [20] . Note that at the attractor point (Z I = 0) it coincides with the moduli-dependent potential (6.88) computed at its extremum. For N = 4
and the transformations of K =
are:
There are three O(6, n) invariants given by I 1 , I 2 , I 2 where:
and the unique SU(1, 1) × O(6, n) invariant S, ∇S = 0, is given by:
At the attractor point Z I = 0 and ǫ ABCD Z AB Z CD = 0 so that S reduces to the square of the BPS mass.
For N = 5, 6, 8 the U-duality invariant expression S is the square root of a unique invariant under the corresponding U-duality groups SU(5, 1), O * (12) and E 7(−7) . The strategy is to find a quartic expression S 2 in terms of Z AB such that ∇S = 0, i.e. S is moduli-independent.
As before, this quantity is a particular combination of the H quartic invariants. For SU(5, 1) there are only two U(5) quartic invariants. In terms of the matrix A B A = Z AC Z CB they are: (T rA) 2 , T r(A 2 ), where
As before, the relative coefficient is fixed by the transformation properties of Z AB under
elements of infinitesimal parameter ξ C :
It then follows that the required invariant is:
For N = 8 the SU(8) invariants are:
The
transformations are:
where ξ ABCD satisfies the reality constraint:
One finds the following E 7(−7) invariant [58] :
The N = 6 case is the more complicated because under U(6) the left-handed spinor of O * (12) splits into:
The transformations of 6) are:
where we denote by X the SU(6) singlet. The quartic U(6) invariants are:
The unique O * (12) invariant is:
Note that at the attractor point P f Z = 0, X = 0 and S reduces to the square of the BPS mass. We note that most of the results given above can be obtained in a simple way by performing the relevant computations in the so called "normal frame" of the Z AB matrix.
Indeed, in order to determine the quartic U-invariant expressions S 2 , ∇S = 0, of the N > 4 theories, it is useful to use, as a calculational tool, transformations of the coset which preserve the normal form of the Z AB matrix. It turns out that these transformations are certain Cartan elements in K = G/H [30] , that is they belong to O (1, 1) p ∈ K, with p = 1 for N = 5, p = 3 for N = 6, 8.
These elements act only on the Z AB (in normal form), but they uniquely determine the U-invariants since they mix the eigenvalues
For N = 5, SU(5, 1)/U(5) has rank one (see ref. [64] ) and the element is: 
Extrema of the BPS mass and fixed scalars
In this section we would like to extend the analysis of the extrema of the black-hole induced potential
which was performed in ref [57] for the N = 2 case to all N > 2 theories. We recall that, in the case of N = 2 special geometry with metric g i , at the fixed scalar critical point ∂ i V = 0 the Hessian matrix reduces to:
The Hessian matrix is strictly positive-definite if the critical point is not at the singular point of the vector multiplet moduli-space. This matrix was related to the Weinhold metric earlier introduced in the geometric approach to thermodynamics and used for the study of critical phenomena [57] . For N-extended supersymmetry, a form of this matrix was also given and shown to be equal to 6 :
,j P ABP Q,i + P to see that the Hessian matrix is degenerate. To see this, it is sufficient to go, making an H transformation, to the normal frame in which these conditions imply Z 12 = 0 with the other charges vanishing. Then we have:
,j P 12I,i ), (7.143) where a, b = 1, 2. To understand the pattern of degeneracy for all N, we observe that when only one central charge is not vanishing the theory effectively reduces to an N = 2 theory. Then the actual degeneracy respects N = 2 multiplicity of the scalars degrees of freedom in the sense that the degenerate directions will correspond to the hypermultiplet content of N > 2 theories when decomposed with respect to N = 2 supersymmetry.
Note that for N = 3, N = 4, where P ABI is present, the Hessian is block diagonal. For N = 3, referring to eq. (6.94), since the scalar manifold is Kähler, P ABI is a (1,0)-form while P ABI = P ABI is a (0,1)-form. The scalars appearing in the N = 2 vector multiplet and hypermultiplet content of the vielbein are P 3I for the vector multiplets and P aI (a = 1, 2) for the hypermultiplets. From equation (7.143), which for the N = 3 case reads
we see that the metric has 4n real directions corresponding to n hypermultiplets which are degenerate. For N = 4, referring to (6.98), P is the SU(1, 1)/U(1) vielbein which gives one matter vector multiplet scalar while P 12I gives n matter vector multiplets. The directions which are hypermultiplets correspond to P 1aI , P 2aI (a = 3, 4). Therefore the "metric" V ij is of rank 2n + 2.
For N > 4, all the scalars are in the gravity multiplet and correspond to P ABCD . The splitting in vector and hypermultiplet scalars proceeds as before. Namely, in the N = 5 case we set P ABCD = ǫ ABCDL P L (A, B, C, D, L = 1, · · · 5). In this case the vector multiplet scalars are P a (a = 3, 4, 5) while the hypermultiplet scalars are P 1 , P 2 (n V = 3, n h = 1).
For N = 6, we set P ABCD = 1 2 ǫ ABCDEF P EF . The vector multiplet scalars are now described by P 12 , P ab (A, B, ... = 1, ..., 6; a, b = 3, · · · 6), while the hypermultiplet scalars are given in terms of P 1a , P 2a . Therefore we get n V = 6 + 1 = 7, n h = 4. This case is different from the others because, besides the hypermultiplets P 1a , P 2a , also the vector multiplet direction P 12 is degenerate. Finally, for N = 8 we have P 1abc , P 2abc as hypermultiplet scalars and P abcd as vector multiplet scalars, which give n V = 15, n h = 10 (note that in this case the vielbein satisfies a reality condition: P ABCD = 1 4! ǫ ABCDP QRS P P QRS ). We have in this case 40 degenerate directions.
In conclusion we see that the rank of the matrix V ij is (N − 2)(N − 3) + 2n for all the four dimensional theories.
8 Relations to string theories N-extended supergravities are related to strings compactified on six-manifolds M N preserving N supersymmetries at D = 4. Since we are presently considering N > 2, the most common cases are N = 4 and N = 8. The first can be achieved in heterotic or Type II string, with M 4 = T 6 in heterotic and M 4 = K 3 × T 2 in Type II theory. These theories are known to be dual at a non perturbative level [16] , [2] , [31] . N = 8 corresponds to M 8 = T 6 in Type II.
Less familiar are the N = 3, 5 and 6 cases which were studied in ref. [65] . Interestingly enough, the latter cases can be obtained by compactification of Type II on asymmetric orbifolds with 3 = 2 L + 1 R , 5 = 4 L + 1 R and 6 = 4 L + 2 R respectively.
BPS states considered in this paper should correspond to massive states in these theories for which only a subset of them is known in the perturbative framework.
In attemps to test non perturbative string properties it would be interesting to check the existence of the BPS states and their entropy by using microscopic considerations.
We finally observe that, unlike N = 8, the moduli spaces of N = 3, 5, 6 theories are locally Kählerian (as N = 2) with coset spaces of rank 3 (n ≥ 3), 1 and 3 respectively.
For N = 5, 6 these spaces are also special Kähler (which is also the case for N = 3 when n = 1, 3) [66] [67] .
We can use the previous observations to construct U-invariants for some N = 2 special geometries looking at the representation content of vectors and their duals with respect to U-dualities. Let us first consider N = 2 theories with U-duality SU(1, n) and SU(3, 3). These groups emerge in discussing string compactifications on some N = 2 orbifolds (i.e. orbifold points of Calabi-Yau threefolds) [67] [68] . The vector content is respectively given by the fundamental representation of SU(1, n) and the twenty dimentional threefold antisymmetric rep. of SU(3, 3) [69] . Amazingly, the first representation occurs as in N = 3 matter coupled theories, while the latter is the same as in N = 5 supergravity (note that SU(1, n), SU(3, n) and SU(3, 3), SU(5, 1) are just different non compact forms of the same SU(m) groups). From the results of the previous section we conclude that the special manifolds SU (1,n) SU (n)×U (1) and SU (3,3) SU (3)×SU (3)×U (1) admit respectively a quadratic [60] , [70] and a quartic topological invariant. The N = 2 special manifold O * (12) U (6) has a vector content which is a left spinor of O * (12), as in the N = 6 theory, therefore it admits a quartic invariant. Finally, the N = 2 special manifolds
, which emerge in N = 2 compactifications of both heterotic and Type II strings [68] , admit a quartic invariant which can be read from the N = 4 quartic invariant in which the
matter charge is identified with the second eigenvalue of the N = 4 central charge. All the above topological invariants can then be interpreted as entropy of a variety of N = 2 black-holes.
